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To realize the practical implementation of device-independent quantum key distribu-
tion (DIQKD), the main difficulty is that its security relies on the detection-loophole-free violation
of the Clauser-Horne-Shimony-Holt (CHSH) inequality, i.e. the CHSH value S > 2, which is easily
destroyed by the loss in transmission channels. One of the simplest methods to circumvent it is
to utilize the entanglement swapping relay (ESR). Here, we propose and experimentally test an
improved version of the heralded nonlocality amplifier protocol based on the ESR, and numerically
show that our scheme is much more robust against the transmission loss than the previously de-
veloped protocol. In the experiment, we observe that the obtained probability distribution is in
excellent agreement with those expected by the numerical simulation with experimental parameters
which are precisely characterized in a separate measurement. Moreover, we experimentally estimate
the nonlocality of the heralded state after the transmission of 10 dB loss just before detection.
It is estimated to be S = 2.104 > 2, which indicates that our final state possesses strong nonlo-
cality even with various experimental imperfections. Our result clarifies an important benchmark
of the ESR protocol, and paves the way towards the long-distance realization of the loophole-free
CHSH-violation as well as DIQKD.
PACS numbers: 03.67.Hk, 03.67.Bg, 42.65.Lm
I. INTRODUCTION
Nonlocality is one of the most interesting features of
quantum mechanics which can be tested by the cele-
brated Bell inequality [1, 2]. Recently, it has been also
pointed out that the system violating the Bell inequal-
ity in a loophole-free manner is directly related to quan-
tum information applications such as device-independent
quantum key distribution (DIQKD) [3, 4]. Remarkably,
DIQKD relaxes the requirements for the security proof,
and allows the two users, Alice and Bob, to share an
information-theoretic-secure secret key without making
assumptions about internal workings of the physical de-
vices. However, its practical implementation is challeng-
ing, since the security is solely based on the loophole-
free violation of the Bell’s inequality. One of the most
formidable loopholes is the detection loophole [5–10],
which necessitates the receiver to detect at least 2/3 of
emitted photons [11]. That is, if a standard optical fiber
at telecommunication wavelength with 0.2 dB/km-loss is
used as a transmission channel, the achievable distance
becomes less than 10 km even if photon detectors with
unity detection efficiencies are employed.
Several protocols to circumvent this difficulty have
been proposed, such as the linear-optics-based heralded
qubit amplifier [12–14] and the heralding protocol with a
nonlinear process [15]. When a single photon state (such
as a part of the entangled photon pair) is sent into a lossy
channel, the state turns out to be a mixture of a single-
photon state and a vacuum. These protocols can increase
the fraction of qubit (single photon) and suppress the
vacuum fraction with a certain probability. Thus by ap-
plying them to the Bell state transmission, one can re-
cover the lost Bell state with some success probability.
Although a proof-of-principle of the heralded qubit am-
plification was experimentally demonstrated by S. Kocsis
et al. in 2013 [16], the generated state after heralding
still contains significant amount of vacuum such that the
state loses its nonlocality.
An alternative option is the linear-optical entangle-
ment swapping relay (ESR), which is widely used as an
entangling operation of independently prepared photon
pairs in the postselection manner [17–20]. While the ESR
is simpler than the other schemes, at first, this method
was not believed to work in the experiment without post-
selection [12, 15] such as DIQKD. This is because if one
applies the ESR to the entangled photons generated by
the spontaneous parametric-down conversion (SPDC),
which is currently the most practical source of a pho-
tonic entangled state, even if the swapping is successful,
the generated state (without postlsection) is far from the
two-qubit maximally entangled state (less than 0.5 fi-
delity between them). Surprisingly, however, M. Curty
and T. Moroder [21] showed that the ESR without post-
selection is, in fact, able to violate the Clauser-Horne-
Shimony-Holt (CHSH) inequality [22], i.e. the CHSH
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2value S > 2. This was confirmed by the following nu-
merical analysis by K. P. Seshadreesan et al. [23], which
contains various practical imperfections and the multi-
pair generation of the SPDC sources. These theoretical
predictions show that even if the ESR state is not close
to the ideal Bell state, it still shows nonlocality, which
is useful for quantum protocols such as DIQKD. Related
to this, not the CHSH inequality violation but the event-
ready quantum steering was recently demonstrated by
using the ESR [24].
In this paper, we show the following major progress in
this direction: we propose an improved scheme of a her-
alded nonlocality amplifier based on the ESR, perform it
experimentally, and estimate the nonlocality of the ex-
perimentally generated state by the ESR-based herald-
ing, which shows the violation of the CHSH inequal-
ity even after transmitting through a channel with loss
corresponding to the 50 km-optical fiber. More specif-
ically, first we propose a modified scheme of the ESR
heralding from the previous one [21, 23], and numeri-
cally compare their performances in detail. We show that
when the total loss corresponds to the attenuation of the
100 km-optical fiber, the DIQKD key rate of our new
scheme is almost 100 times larger than that of the previ-
ous one. Second, we perform a proof-of-principle exper-
iment of the proposed scheme. Entangled photons from
the SPDC sources are transmitted through lossy chan-
nels corresponding to the 50km-optical fiber and then
the ESR heralding is performed. Although the detection
efficiencies of our system are not in the range of directly
observing the violation of the CHSH inequality of the
heralded state, the probability distributions obtained by
the experiment are in excellent agreement with those in-
dependently obtained by our numerical model that in-
cludes imperfections. This feature allows us to estimate
the nonlocality and the density matrix of the experimen-
tally heralded state before the final detection. The esti-
mated CHSH value is S = 2.104, which shows that the
experimentally heralded state has significant nonlocality,
while the fidelity of the heralded state to the two-qubit
maximally entangled state is estimated to be 0.47. This
result indicates that we successfully amplified the nonlo-
cality of the SPDC-based entangled photons, which are
degraded by losses in the transmission channels, via the
ESR. As far as we know, this is the first experiment re-
covering the nonlocality of the SPDC-based entangled
photons after significant transmission losses. In light of
the practicality of the SPDC-based entangled photons,
our work paves a way to realize long-distance DIQKD
by combining it with the state-of-the-art highly efficient
photon detectors.
The paper is organized as follows. In Sec. II, we briefly
review the ESR-based heralded nonlocality amplifier in
[21] and then propose a modified scheme. In Sec. III, we
describe our theoretical model and show the numerical
result comparing these two schemes. The experimental
setup and results are described in Sec. IV. In Sec. V, we
discuss the density operator of the heralded state and
FIG. 1. The schematic diagram of the ESR-based Bell-test
experiment. Linear optical Bell-state measurement (BSM) is
realized by a half beamsplitter (HBS) followed by polarization
measurements using two polarization beamsplitters (PBSs).
Under the condition of the successful BSM at the ESR node,
Alice and Bob perform the polarization-measurement based
on their measurement settings Xi ∈ {X1, X2} and Yj ∈
{Y1, Y2}, respectively. By repeating the measurement, they
calculate the CHSH value S. (a) The ordinary configuration
of the ESR-based DIQKD (the SH scheme). (b) The CH
scheme we introduce. The BSM is performed in the middle
of Alice and Bob.
Sec. VI concludes the paper.
II. HERALDED NONLOCALITY
AMPLIFICATION BY ENTANGLEMENT
SWAPPING
In this section, we review the ESR-based heralding
scheme and then propose its improved version. The ESR-
based heralding scheme proposed in Ref. [21] is illustrated
in Fig. 1(a). Entangled photons are prepared at Alice’s
side by Source A. One of them is sent to Bob via a lossy
optical channel with transmittance ηT , which easily de-
stroys the nonlocality of the state. Bob prepares another
entanglement source (Source B) and perform the ESR
by the Bell state measurement (BSM) to recover the lost
nonlocality of the shared state between Alice and Bob.
Since the ESR succeeds only probabilistically, this is a
probabilistic protocol and we use the state only when
heralded by the successful events of the ESR.
In practice, the entangled sources A and B are based
on the SPDC, which generates entangled photon pairs
only probabilistically, and moreover, sometimes gener-
ates multiple pairs simultaneously. Then, by successful
swapping, the heralded state ρˆAB mainly consists of the
3FIG. 2. The realistic model of the ESR-based Bell-test experiment. A pair of two-mode squeezed vacua (TMSV) is used to
prepare polarization entangled photon pairs. The linear optical Bell-state measurement is composed of a half beamsplitter (HBS)
followed by polarization measurement at each output port. Alice (Bob) set the angle of the polarizer to be θA (θB) and perform
polarization measurements. All of the photon detectors are the on-off type, single photon detectors with dark counts.
superposition of the following three events: (i) two pho-
ton pairs from the source A and no photon pair from
source B, (ii) two photon pairs from the source B and
no photon pair from source A, and (iii) one photon pair
from each of the sources A and B. Clearly, (iii) is the
desirable event, but the probability that the unwanted
events (i) or (ii) occur is almost the same probability as
(iii). Therefore, the fidelity of the heralded state ρˆAB to
the two-qubit maximally entangled states never exceeds
0.5, which was thought to be a reason that the generated
state lost its nonlocality [12, 15]. However, as shown by
M. Curty and T. Moroder [21], this ρˆAB still violates the
CHSH inequality. That is, ρˆAB contains some nonlocal-
ity, although it is far from an ideal Bell state.
Here, we propose to modify the above scheme, which is
illustrated in Fig. 1(b). The difference of it from the one
in Fig. 1(a) is that the BSM is located not in Bob’s side
but in the middle of the channel and thus the channel
is split into two with ηTA and ηTB , respectively. This is
possible since the BSM is not necessarily located inside
Alice and Bob’s systems. A similar configuration with
single-photon sources was reported in Ref. [25]. Here-
after, we call this configuration the center-heralding (CH)
scheme and the other one as the side-heralding (SH)
scheme. These two are compared in detail in the next
section, and as shown in there, the CH scheme shows
much better performance than that of the SH scheme,
especially when we take into account practical imperfec-
tions.
III. THEORETICAL ANALYSIS
A. Model
We first explain the procedure to generate a raw key
using the ESR protocols in Fig. 1. Alice (Bob) gener-
ates entangled photon pairs at the source A(B). The lin-
ear optical BSM is performed at the ESR node, which
is placed in Bob’s system for the SH scheme and in the
middle of Alice and Bob for the CH scheme. Under the
condition that the BSM succeeds, Alice and Bob per-
form the polarization-measurements based on the mea-
surement settings Xi ∈ {X1, X2} and Yj ∈ {Y1, Y2}, re-
spectively. The measurement outcomes are binary, i.e.,
ai, bj ∈ {−1,+1}. By repeating the measurement, they
calculate
S = 〈a1b1〉+ 〈a2b1〉+ 〈a1b2〉 − 〈a2b2〉, (1)
where 〈aibj〉 = P (a = b|Xi, Yj)−P (a 6= b|Xi, Yj). While
the maximal value of |S| is upper-bounded by 2 in the
framework of a local realism theory, quantum mechan-
ics allows |S| to take the maximal value of 2√2, which
is known as the Tsirelson bound [26]. When Alice and
Bob perform DIQKD, Alice chooses another measure-
ment basis X0, and the raw key is generated by the out-
comes under the measurement setting of {X0, Y1}. The
lower bound of the key rate K is represented by Devetak-
Winter formula [27] as
K ≥ 1− h(Q)− χ(S), (2)
where Q is qubit error rate (QBER) which is defined by
P (a 6= b|X0, Y1), and
χ(S) = h
[
1 +
√
(S/2)2 − 1
2
]
. (3)
Here, h(·) is the binary entropy defined by h(x) =
−xlog2x− (1− x)log2(1− x).
As a realistic model of the ESR-based Bell-test with
SPDC sources, we construct a theoretical model similar
to the one introduced in Ref. [23], as shown in Fig. 2.
Each entangled photon pair source consists of a pair of
two-mode squeezed vacuum (TMSV). The Hamiltonian is
given by Hˆ = i~(ζ1(4)aˆ†H1(3) aˆ
†
V2(4)
+ζ2(3)aˆ
†
V1(3)
aˆ†
H2(4)
)+h.c.
for source A (B), where aˆ†ij is the photon-creation oper-
ator of the i-polarized single photon in mode j which
4satisfies the commutation relation [aˆij , aˆ
†
kl] = δikδjl. H
and V denote the horizontal and vertical polarizations,
respectively. ζk = |ζk|eiφk is the coupling constant
of TMSVk (k ∈ {1, 2, 3, 4}), which is proportional to
the complex amplitude of each pump. In the follow-
ing, φk is fixed as φ1 = φ2 = φ3 = 0 and φ4 = pi,
which means that, when |ζ1|2 = |ζ2|2 and |ζ3|2 = |ζ4|2,
the two-qubit components of the generated state form
|Ψ+〉12 := (|HV 〉12 + |V H〉12)/
√
2 for source A, and
|Ψ−〉34 := (|HV 〉34 − |V H〉34)/
√
2 for source B. Here,
|H〉j := aˆ†Hj |0〉 and |V 〉j := aˆ
†
Vj
|0〉 denote the H- and V -
polarization states of a single photon in mode j, respec-
tively. At the ESR node, we perform the partial Bell-sate
measurement using linear optics. We adopt the projec-
tion onto |Ψ−〉, which is realized by detecting the two-fold
coincidence between (D5H ∩ D6V) or (D5V ∩ D6H). The
successful operation of the ESR in the two-qubit system
is described by
23〈Ψ−||Ψ+〉12|Ψ−〉34 = 23〈Φ+|Zˆ2Xˆ2Xˆ2Xˆ3Zˆ3|Φ+〉12|Φ+〉34
= 23〈Φ+|Zˆ3Xˆ3Zˆ3|Φ+〉12|Φ+〉34
= −23〈Φ+|Xˆ3|Φ+〉12|Φ+〉34
= − 1
2
√
2
Xˆ4
∑
j,k∈{H,V }
δj,k|j〉1|k〉4
= −1
2
|Ψ+〉14, (4)
where Zˆ := |H〉〈H| − |V 〉〈V | and Xˆ := |H〉〈V |+ |V 〉〈H|
are Pauli operators, and |Φ+〉 := (|HH〉+|V V 〉/√2. The
polarizer with angle θ works as a polarization-domain
beamsplitter mixing the H and V modes whose transmit-
tance and reflectance are cos2θ and sin2θ, respectively.
Under the condition of the two-fold coincidence between
(D5H∩D6V) or (D5V∩D6H), Alice (Bob) chooses her (his)
angle from θA = {θA0, θA1, θA2} (θB = {θB1, θB2}),
respectively, and performs polarization measurements.
The losses in the transmission channels are represented
by ηAH , ηAV , ηBH , and ηBV . (Thus, the SH scheme can
be simulated by setting ηBH = ηBV = 0.) The local sys-
tem losses including the imperfect quantum efficiencies of
the detectors are modeled by inserting virtual loss mate-
rials denoted by ηl for l ∈ {1, · · · , 8}. We consider that all
of the detectors are on-off type single-photon detectors,
which only distinguish between vacuum (off: no-click)
and non-vacuum (on: click). the dark-count probabil-
ity ν, which is a false click of the detector, is also taken
into account in the model. The mode-mismatch between
Alice’s TMSV and Bob’s TMSV is modeled by inserting
virtual beamsplitter (BS) whose transmittance is Tmode
in each input port of the half beamsplitter (HBS) at the
ESR node as shown in the inset of Fig. 2. In other words,
two virtual BSs divide the mode of the each TMSV into
two parts: the mode which interferes with probability
amplitude
√
Tmode and that does not with probability
amplitude
√
1− Tmode. The experimental value of Tmode
can be determined by performing the Hong-Ou-Mandel
interference experiment [28–30].
FIG. 3. (a), (b) The corresponding fiber length L vs S(K)
in the ideal situation (∀l ηl=1, Tmode = 1, and ν = 0). The
blue solid curve and the red dashed curve are S(K) for the
CH and for the SH scheme, respectively. For each of (a) and
(b), the black solid curve corresponds the case where the ESR
node is absent.
B. Numerical Results
The CHSH value S in Eq. (1) is numerically calcu-
lated by using characteristic-function approach based on
the covariance matrix of the quantum state and sym-
plectic transformations [23, 31, 32]. See Supplemental
Material and Ref. [31] for more details of this approach.
Below we show the numerical results. When the corre-
sponding fiber length is L km, we set ηAH = ηAV = ηT
and ηBH = ηBV = 1 for the SH scheme, and ηAH =
ηAV = ηBH = ηBV =
√
ηT for the CH scheme, respec-
tively, where ηT := 10
−0.2L/10. In Fig. 3(a), we show
the relation between L and the CHSH value S in an
ideal system where all the local detection efficiencies are
unity, the mode-matching is perfect, and detectors have
no dark counts (i.e. ∀l ηl=1, Tmode = 1, and ν = 0 ).
At each point, we perform the optimization over the av-
erage photon numbers of the TMSVs, and measurement
angles using a random search algorithm. We see that
the degradation of S against the transmission distance
5FIG. 4. (a), (b) L vs S(K) with dark counts (∀l ηl=1, Tmode =
1, and ν = 10−5, 10−6). The blue and green solid curves
are S(K) for the CH scheme with ν = 10−6 and ν = 10−5,
respectively. The red and orange dashed curves are S(K) for
the SH scheme with ν = 10−6 and ν = 10−5, respectively.
is small for both of the CH and the SH schemes, since
it is possible to set the optimal average photon num-
bers to be small (typically ∼ 10−5) in the ideal case.
This makes the detrimental contribution of the multiple
pairs negligible. Interestingly, the maximal violation at
0 km is S ∼ 2.34, which is slightly better than what is
achieved by using a single-mode SPDC-based entangled
pair source (No ESR) [32, 33]. On the other hand, the
minimum detection efficiency to obtain S > 2 is calcu-
lated to be 91.1%, which is larger than 66.7% needed in
the case of no ESR [32, 33]. These differences come from
the fact that the density operator of the heralded state
is far from the state directly generated by SPDC which
mainly consists of vaccum state. The relation between
L and the key rate K is shown in Fig. 3(b). The aver-
age photon numbers, which maximize S, are no longer
optimal for maximizing K, since employing the small av-
erage photon numbers results in the low success probabil-
ity P suc of the Bell-state measurement at the ESR node.
That is, there is a trade off between S and P suc for max-
imizing K. We clearly see the difference of K between
the CH scheme and the SH scheme. The reason is quali-
tatively understood as follows. In the SH scheme, since a
large loss is imposed on the source A, the average num-
ber of photons which survive at the ESR node is smaller
than that in the CH scheme, which results in the lower
P suc. Notice that K in No ESR is much larger at 0 km,
though S is smaller than those using the ESR. This is
because the violation of the CHSH inequality can occur
with relatively large average photon numbers in No ESR,
when a single-mode SPDC source is used [32]. Next, we
add dark count probabilities of ν = 10−6 and ν = 10−5,
and compare S of the SH scheme and the CH scheme as
shown in Fig. 4(a). S of the SH scheme starts to deviate
from that of CH scheme for large L. The reason is also
understood by the trade-off between S and P suc. When
dark counts are considered, it is necessary to keep the
average number of the photons that survive at ESR node
sufficiently larger than the dark-count probability. Thus,
in the SH scheme, the optimal average photon number of
the source A must be larger than that in the CH scheme,
which however results in smaller S. The minimum de-
tection efficiencies to obtain S > 2 slightly increase. For
example, at L = 50 km, 91.6% and 92.7% are necessary
in the case of ν = 10−6 and ν = 10−5, respectively. We
compare K of the SH scheme and that of the CH scheme
with considering the dark-count probabilities as shown
in Fig. 4 (b). We see a large gap between K of the CH
scheme and the SH scheme. When the total loss corre-
sponds to the attenuation of the 100 km-optical fiber, K
of the CH scheme is about 100 times larger than that of
the SH scheme that has been considered so far.
IV. EXPERIMENT
A. Experimental Setup
We perform the ESR-based Bell-test experiment us-
ing the setup illustrated in Fig. 5. The pump
pulse (wavelength: 792 nm, pulse duration: 2 ps, repe-
tition rate: 76 MHz) is obtained by a Ti:Sapphire laser.
The pump pulse is split into two optical paths by a
half waveplate (HWP) and a polarization beamsplit-
ter (PBS), and fed to the two independent Sagnac-loop
interferometers with group-velocity-matched periodically
poled KTiOPO4 (GVM-PPKTP) crystals. The polariza-
tion of the each pump pulse is properly adjusted by a
HWP and a paired quarter-waveplates (QWPs). The
two-qubit components of the states generated from the
source A and the source B form the maximally entan-
gled states |Ψ+〉12 and |Ψ−〉34, respectively. While the
photon 1 (4) passes through the dichroic mirror (DM)
and goes to Alice’s (Bob’s) side, the photons 2 and 3 are
led to the ESR node to perform the linear-optical BSM.
The transmission losses in the optical fibers are emulated
by two neutral density filters (NDs) inserted in modes 2
and 3. In each optical path, we insert an interference
filter (IF) whose center wavelength and bandwidth are
1584 nm and 2 nm, respectively, which is used to improve
6FIG. 5. The setup for the ESR-based Bell-test experiment. To generate entangled photon pairs by SPDC, we used counter
propagating pump pulses to pump the GVM-PPKTP crystals in the Sagnac loop interferometers. Alice and Bob choose the
measurement angles {θA1, θA2} and {θB1, θB2}, respectively, and assign +1 or -1 for the each detection event to calculate S
value. GVM-PPKTP: group-velocity-matched periodically poled KTiOPO4, HBS: half beamsplitter, IF: interference filter,
QWPs: paired quarter waveplates, HWP: half waveplate, DM: dichroic mirror, ND: neutral density filter, PBS: polarization
beamsplitter, FPBS: fiber-based PBS, SSPD: superconducting single-photon detector.
the purity of the SPDC photons. The linear optical BSM
is implemented by mixing two input photons by means of
a half beamsplitter (HBS) followed by the polarization-
dependent coincidence detection between D5V and D6H,
which projects the photon pair in modes 2 and 3 onto
the singlet state |Ψ−〉23 with the success probability of
1/8. We note that if we introduce another two detectors
and perform active feed forward, the maximum success
probability becomes 1/2. We use superconducting single-
photon detectors (SSPDs) whose quantum efficiency is
75 % each [34]. Alice and Bob set measurement angles
{θA1, θA2} and {θB1, θB2}, respectively, by means of the
HWPs and fiber-based PBSs (FPBSs). Finally, the pho-
tons are detected by four SSPDs: D1 and D3 for Alice,
and D2 and D4 for Bob, respectively. In the experiment,
the detection signal from D5V is used as a start signal
for a time-to-digital converter (TDC), and the detection
signals from D6H,D1,D2,D3 and D4 are used as stop sig-
nals. Under the condition that the two-fold coincidence
between D5V and D6H occur, all the combination of click
and no-click events are collected without postselection.
We assign events of D1 (D2) clicks on Alice’s (Bob’s) side
as −1 and all the others as +1, and then calculate S.
B. Characterization of Experimental Setup
We measure the experimental parameters which will
be used in the numerical simulation. We first charac-
terize the HBS at the ESR node using laser light cen-
tered at 1584 nm. It is found that the HBS is lossy
only for the H-polarized light from mode 3. This loss is
modeled by decomposing the HBS into the lossy mate-
rial (ηAH = 0.27) and the ideal HBS in the numerical
simulation. We also characterize the local detection effi-
ciencies ηl for l ∈ {1, · · · , 6} by using the weakly-pumped
TMSVs [35]. The results are shown in Table I. Through-
out the experiment, we set the widths of the detection
windows to be 1 ns. The dark-count rate within the de-
tection window is measured to be ν = 10−6.
η1 η2 η3
14.63± 2.75% 14.44± 0.85% 10.87± 2.36%
η4 η5 η6
10.64± 0.59% 14.43± 0.01% 11.57± 0.07%
TABLE I. The local detection efficiencies estimated by using
the weakly-pumped TMSV.
µ1 µ2 µ3 µ4
Optimal 3.95× 10−2 1.50× 10−2 1.50× 10−2 1.50× 10−2
Experiment 3.83× 10−2 1.48× 10−2 1.64× 10−2 1.52× 10−2
TABLE II. The optimal average photon numbers of the
TMSVs, and the average photon numbers estimated by the
experiment.
7FIG. 6. The conditional detection probabilities obtained by the experiment (red bars) and the numerical simulation (blue
bars). The error bars are calculated by assuming the Poissonian distribution. Defining, for example, the conditional detection
probability that only D1 and D2 fire by P (D1 ∩D2), the correspondence between the 16 labels and the 16 detection events are
described as follows: 1:P (Vac), 2:P (D1), 3:P (D2), 4:P (D3), 5:P (D4), 6:P (D1∩D2), 7:P (D1∩D3), 8:P (D1∩D4), 9:P (D2∩D3),
10:P (D2 ∩ D4), 11:P (D3 ∩ D4), 12:P (D1 ∩ D2 ∩ D3), 13:P (D1 ∩ D2 ∩ D4), 14:P (D1 ∩ D3 ∩ D4), 15:P (D2 ∩ D3 ∩ D4), and
16:P (D1 ∩D2 ∩D3 ∩D4), where P (Vac) is the conditional probability that none of D1,D2,D3 and D4 fires.
Under the above experimental conditions, we perform
the numerical optimization of the average photon num-
bers of the TMSVs and the measurement angles such
that S is maximized. Note that, in the optimization,
we assume η1 = η2 = η3 = η4 = 1, since the detec-
tion efficiencies shown in Table I are not sufficient to ob-
serve the detection-loophole-free violation of the CHSH
inequality. In addition, we impose a condition that each
average photon number is at least ≥ 1.5 × 10−2 to fin-
ish the experiment within reasonable time. We set the
average photon numbers of the TMSVs based on the nu-
merical results. The optimal average photon numbers
and the experimentally-measured ones are shown in Ta-
ble II, where µk is the average photon number of TMSVk.
We see that µ1 is larger than the others, since ηAH is
imposed in the transmission path of TMSV1. The opti-
mal measurement angles are {θA1, θA2} = {0, 0.58} [rad]
and {θB1, θB2} = {1.47, 2.01} [rad]. With above experi-
mental parameters, the two-qubit components of the in-
put quantum states and the indistinguishability between
photon 3 and the photon 4 are characterized. (see Sup-
plemental Material.)
C. Experimental Results
We adopt the CH scheme, and perform the ESR-based
Bell experiment. Under the condition of the success-
ful BSM, we accumulate every detection event of the
heralded state without postselection. First, we remove
the ND filters, and perform the Bell-test experiment on
the heralded state with the optimal measurement an-
gles. Since the detection efficiencies of our system are
not in the range of closing the detection loophole, S
does not directly exceed the threshold value of S = 2.
In fact, when we input all the experimental parameters
to the numerical simulation, the value of S is expected
to be Sth = 1.486. Nevertheless, it is still possible to
compare Sth and the CHSH value obtained by the ex-
periment Sexp. From the experimentally-obtained con-
ditional probability distributions, Sexp is calculated to
be Sexp = 1.481 ± 0.002, which coincides with Sth. We
also compare the conditional detection probabilities. For
example, all the conditional detection probabilities for
{θA1, θB1} = {0, 1.47} [rad] are shown in Fig. 6. Since
each of Alice and Bob possesses two detectors, there are
24 = 16 possible detection events for each measurement
angle. The red bars and blue bars correspond to the con-
ditional probabilities obtained by the experiment and the
numerical simulation, respectively. We clearly see an ex-
cellent agreement between the experimental results and
the numerical simulations. Moreover, the L1-distance D
defined by D = ∑16i=1 |pi− qi| is calculated to be as small
as D = 0.018±0.001, where, pi(qi) is the i-th experimen-
tally (theoretically)-obtained conditional detection prob-
ability, respectively. For the other measurement angles,
the L1-distances are calculated to be D = 0.020 ± 0.001
for {θA1, θB2} = {0, 2.01} [rad], D = 0.029 ± 0.001 for
{θA2, θB1} = {0.58, 1.47} [rad] and D = 0.017 ± 0.001
for {θA2, θB2} = {0.58, 2.01} [rad].
Next, we insert the ND filters, and perform the Bell-
test experiment on the heralded state while changing the
transmission losses. Note that we fix the average photon
numbers and measurement angles throughout the experi-
ment. The results are shown in Fig. 7 as three black dots.
The total transmittance of the ND filters are equivalent
to (i) 0 km, (ii) 24 km and (iii) 50 km of the optical fibers,
and the corresponding S are (i) Sexp = 1.481 ± 0.002,
(ii) Sexp = 1.479 ± 0.002 and (iii) Sexp = 1.478 ± 0.002.
They agree well with the theoretical curve for the CH
scheme (shown by a red solid curve) obtained by using
the experimental parameters characterized by a separate
measurement in Sec. IV B. When the detection efficien-
cies are small, the difference between the CH scheme and
SH scheme (shown by a orange dashed curve) is small.
The blue solid curve (the CH scheme) and green dashed
curve (the SH scheme) are obtained by the numerical sim-
ulation with the experimental parameters but assuming
that ηl = 1 for l ∈ {1, 2, 3, 4}. Since our model fits the ex-
perimental results, these curves are considered to be the
8FIG. 7. The corresponding fiber length L vs S. The red solid
curve (the CH scheme) and the orange dashed curve (the SH
scheme) are obtained by the numerical simulation with all of
the experimental imperfections. The blue solid curve (the CH
scheme) and green dashed curve (the SH scheme) are obtained
by the numerical simulation with assuming that ηl = 1 for l ∈
{1, 2, 3, 4}. The black dots are S obtained by the experiment.
The circles on the blue solid curve are S of the heralded states
just before detection. The purple solid line is the threshold
value of S = 2.
nonlocality of the heralded state just before detection.
Interestingly, there is a large gap between the CH scheme
and the SH scheme. The estimated CHSH values (Sη=1)
are shown by the three circles in Fig. 7. The values
are estimated to be Sη=1=2.120 (0 km), 2.115 (24 km)
and 2.104 (50 km), respectively, which indicates that the
quantum state just before detection possesses potential
to violate the CHSH inequality even with various exper-
imental imperfections.
V. DISCUSSION
In this section, we estimate the density matrix of the
experimentally heralded state just before detection by
compensating the detection inefficiency with the help of
our theoretical model. As shown in Fig. 2, the heralded
state is distributed over the four modes: H1, V1, H4, and
V4. In addition, as described in Sec. I, the successful
BSM mainly consists of the superposition of the follow-
ing four events (i) one photon in each of mode H1, V2, V1
and H2, (ii) one photon in each of mode H3, V4, V3 and
H4, (iii) one photon in each of mode H1, V2, H3 and V4,
and (iv) one photon in each of mode V1, H2, V3 and H4.
Thus, we restrict ourselves to the subspace spanned by
{|0011〉, |0101〉, |0110〉, |1001〉, |1010〉, |1100〉}, where the
modes are arranged in order of H1, V1, H4, and V4.
By the numerical simulation, we know the characteris-
tic function of the heralded state χρˆheraldH1V1H4V4
(ξ). (The ex-
plicit formula is given in Supplemental Material.) Thus,
the matrix elements of ρˆheraldH1V1H4V4 in the Fock-state ba-
sis are calculated by the inner product of χρˆheraldH1V1H4V4
(ξ)
FIG. 8. The real part of the partial density matrix of the her-
alded state spanned by |0011〉, |0101〉, |0110〉, |1001〉, |1010〉,
and |0011〉. The matrix elements of the imaginary part are
almost zero.
and the characteristic function of the corresponding four-
mode Fock state. For example, 〈0011|ρˆ|1100〉 is calcu-
lated by(
1
2pi
)4 ∫
χρˆheraldH1V1H4V4
(ξ)χ|1100〉〈0011|(−ξ)dξ, (5)
where χ|1100〉〈0011|(ξ) is the characteristic function of
|1100〉〈0011|. We use the characteristic function of the
heralded state for 50 km, and reconstruct the unnor-
malized partial density matrix, as shown in Fig. 8. (see
Supplemental Material for the detailed calculation.) In
addition to the four center peaks which correspond to
|Ψ+〉〈Ψ+|, we clearly see the contribution of the events
(i) and (ii). By renormalizing this partial density matrix,
the fidelity to |Ψ+〉〈Ψ+| is calculated to be 0.47. This in-
dicates that the heralded state is clearly far from the
two-qubit maximally entangled states, while it possesses
enough nonlocality to violate the CHSH inequality.
VI. CONCLUSION
In conclusion, we propose and demonstrate an im-
proved version of the heralded nonlocality amplifier based
on the ESR. In theory, we employ the method to calcu-
late the detection probabilities using the characteristic
function, and reveal that, for both of the key rate and
the CHSH value S, the improved scheme (CH scheme:
the ESR node is placed in the middle of Alice and Bob)
is much more robust against the transmission loss than
the previous one (SH scheme: the ESR node is placed
in Bob’s side). Importantly, the larger the dark count
rate is, the larger the gap of the performance between
the CH scheme and the SH scheme becomes. In experi-
ment, we perform the ESR-based Bell-test using the op-
timal parameters derived by the numerical simulation.
9While the detection efficiencies of our system is not in
the range of closing the detection loophole, the experi-
mental results are in excellent agreement with the nu-
merical simulation with experimental parameters which
are characterized in a separate measurement. This allows
us to estimate the nonlocality and the density matrix of
the heralded state just before detection. It is revealed
that, while the density matrix of the heralded state is far
from the ideal two-qubit maximally entangled state, the
state possesses strong nonlocality (Sη=1 = 2.104 > 2)
after the transmission loss of 10 dB which is equivalent
to 50 km-long optical fibers at telecommunication wave-
length. To directly observe S > 2 over 50 km, it is
found that a detection efficiency at least 97.4% is nec-
essary with our current experimental conditions. How-
ever, the threshold detection efficiency can be improved
further down to 91.6%, if the experimental imperfections
other than the dark counts are reduced. In view of the
recent progress of the single-photon detection highlighted
by high-efficiency single-photon detectors with quantum
efficiencies > 93 % [36, 37], it could be possible to ex-
perimentally observe the nonlocality over such a long
distance. Our result thus shows an important bench-
mark about the ESR protocol, and represents a major
building block towards the long-distance realization of
the loophole-free test of the CHSH-violation as well as
DIQKD.
VII. SUPPLEMENTARY MATERIAL
A. Detailed Calculations Based On The
Characteristic Function
In this section, we present the detailed method to com-
pute the conditional detection probabilities using the the-
oretical model in Fig. 2. We follow the definitions intro-
duced in Ref. [32]. We define a density operator acting
on the N-dimensional Hilbert space H⊗N as ρˆ. The char-
acteristic function of ρˆ is defined by
χ(ξ) = Tr[ρˆWˆ(ξ)], (6)
where
Wˆ(ξ) = exp
(
−iξT Rˆ
)
(7)
is the Weyl operator. Here, Rˆ = (xˆ1, . . . , xˆN , pˆ1, . . . , pˆN )
and ξ = (ξ1, . . . , ξ2N ) are a 2N vector consisting of
quadrature operators and a 2N real vector, respectively.
When the characteristic function of the quantum state
has a Gaussian distribution
χ(ξ) = exp
(
−1
4
ξT γξ − idT ξ
)
, (8)
the quantum state is simply characterized by a 2N × 2N
matrix γ (the covariance matrix) and a 2N -dimensional
vector d (the displacement vector).
In our theoretical model, each entangled photon pair
source consists of two TMSV sources over polarization
modes embedded in the Sagnac loop. The covariance
matrices of the quantum state from source A (γSAH1V1H2V2)
and source B (γSBH3V3H4V4) are given by Refs. [31, 32]
γSAH1V1H2V2 =
[
γSA1(µ1, µ2) 0
0 γSA2(µ1, µ2)
]
(9)
and
γSBH1V1H2V2 =
[
γSB1(µ3, µ4) 0
0 γSB2(µ3, µ4)
]
, (10)
respectively, where
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γSA1(µ1, µ2) =

2µ1 + 1 0 0 2
√
µ1(µ1 + 1)
0 2µ2 + 1 2
√
µ2(µ2 + 1) 0
0 2
√
µ2(µ2 + 1) 2µ2 + 1 0
2
√
µ1(µ1 + 1) 0 0 2µ1 + 1
 , (11)
γSA2(µ1, µ2) =

2µ1 + 1 0 0 −2
√
µ1(µ1 + 1)
0 2µ2 + 1 −2
√
µ2(µ2 + 1) 0
0 −2√µ2(µ2 + 1) 2µ2 + 1 0
−2√µ1(µ1 + 1) 0 0 2µ1 + 1
 , (12)
γSB1(µ3, µ4) =

2µ3 + 1 0 0 2
√
µ3(µ3 + 1)
0 2µ4 + 1 −2
√
µ4(µ4 + 1) 0
0 −2√µ4(µ4 + 1) 2µ4 + 1 0
2
√
µ3(µ3 + 1) 0 0 2µ3 + 1
 , (13)
γSB2(µ3, µ4) =

2µ3 + 1 0 0 −2
√
µ3(µ3 + 1)
0 2µ4 + 1 2
√
µ4(µ4 + 1) 0
0 2
√
µ4(µ4 + 1) 2µ4 + 1 0
−2√µ3(µ3 + 1) 0 0 2µ3 + 1
 . (14)
The overall input quantum state is described by
γinS := γ
SA
H1V1H2V2
⊕ γSBH3V3H4V4 , where S :={H1, V1, H2, V2, H3, V3, H4, V4}. The photons in modes
H2,V2,H3 and V3 are sent to the ESR node through
the transmission losses. We describe the transformation
of the linear loss with transmittance t on a single-mode
Gaussian state with covariance matrix γ by
Ltγ = KT γK + α, (15)
where K =
√
tI and α = (1− t)I. Then, the linear losses
ηAH , ηAV , ηBH and ηBV transform the input covariance
matrix γinS into
γLossS = LηAHH2 L
ηAV
V2
LηBHH3 L
ηBV
V3
γinS (16)
=
(
KηAHηAV ηBHηBVH2V2H3V3
)T
γinS K
ηAHηAV ηBHηBV
H2V2H3V3
+ αηAHηAV ηBHηBVH2V2H3V3 , (17)
where
KηAHηAV ηBHηBVH2V2H3V3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0
√
ηAH 0 0 0 0 0
0 0 0
√
ηAV 0 0 0 0
0 0 0 0
√
ηBH 0 0 0
0 0 0 0 0
√
ηBV 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⊕2
. (18)
and
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αηAHηAV ηBHηBVH2V2H3V3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1− ηAH 0 0 0 0 0
0 0 0 1− ηAV 0 0 0 0
0 0 0 0 1− ηBH 0 0 0
0 0 0 0 0 1− ηBV 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⊕2
. (19)
Here, for simplicity, we represent the block diagonal ma-
trix like
[
A 0
0 A
]
by A⊕2. As described in Sec. III, the
mode matching between photon (H2&H3) and (V2&V3)
are considered by dividing the each input light pulse into
two mutually orthogonal modes as shown in Fig. 9(a).
This is modeled by inserting virtual BSs whose transmit-
tance are Tmode before the HBS as shown in Fig 9(b).
The fractions with probability Tmode interfere at the
HBS, while the fractions with probability 1 − Tmode are
mixed with vacua by the HBS. In the numerical simu-
lation, we first add the eight modes (H(V )2a, H(V )3a,
H(V )2b and H(V )3b) of vacua to γ
Loss
S as γ
MM
U := γ
Loss
S ⊕
IH2a...H3bV2a...V3b , where U := S∪{H2a . . . H3bV2a . . . V3b}.
Second, we perform the symplectic transformations of the
BSs as
γBSU = (S
θTmode
H2H2a
⊕ SθTmodeH3H3a ⊕ S
θTmode
V2V2a
⊕ SθTmodeV3V3a )T γMMU (S
θTmode
H2H2a
⊕ SθTmodeH3H3a ⊕ S
θTmode
V2V2a
⊕ SθTmodeV3V3a ), (20)
where θTmode := arccos
√
Tmode, and
Sθij :=
[
cos θ sin θ
− sin θ cos θ
]⊕2
(21)
is the symplectic matrix of the BS whose transmittance
is cos2 θ acting on the modes i and j. Finally, we perform
the symplelctic transformation of the HBSs as
γHBSU = (S
pi/4
H2H3
⊕ Spi/4H2aH3b ⊕ S
pi/4
H3aH2b
⊕ Spi/4V2V3 ⊕ S
pi/4
V2aV3b
⊕ Spi/4V3aV2b)T
γBSU (S
pi/4
H2H3
⊕ Spi/4H2aH3b ⊕ S
pi/4
H3aH2b
⊕ Spi/4V2V3 ⊕ S
pi/4
V2aV3b
⊕ Spi/4V3aV2b). (22)
We consider the imperfect detection efficiency of each heralding detector at the ESR node as
γBSMU = Lη8H2L
η8
H2a
Lη8H2bL
η7
V2
Lη7V2aL
η7
V2b
Lη6H3L
η6
H3a
Lη6H3bL
η5
V3
Lη5V3aL
η5
V3b
γHBSU . (23)
The successful BSM corresponds to the two-fold coinci-
dence between (D5H ∩ D6V) or (D5V ∩ D6H). For exam-
ple, the two-fold coincidence probability P (D5V ∩ D6H)
is given by
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FIG. 9. (a) The sketch of the mode mismatch. Each of the light pulse is divided into two fractions: the fraction which interferes
with probability amplitude
√
Tmode and the fraction which does not interfere with probability amplitude
√
1− Tmode. (b) The
model of the mode mismatch. The virtual BSs with transmittance Tmode are inserted before the HBS.
P (D5V ∩D6H) = Tr[ρˆγBSMU (Iˆ − ΠˆoffV3 ΠˆoffV3aΠˆoffV3b)(Iˆ − ΠˆoffH2ΠˆoffH2aΠˆoffH2b)] (24)
= Tr[ργ
BSM
U (Iˆ − (1− ν)3|0〉〈0|⊗3V3V3aV3b)(Iˆ − (1− ν)3|0〉〈0|⊗3H2H2aH2b)] (25)
= Tr[ργ
BSM
U (Iˆ − (1− ν)3|0〉〈0|⊗3V3V3aV3b
+ (1− ν)6|0〉〈0|⊗6V3V3aV3bH2H2aH2b − (1− ν)3|0〉〈0|⊗3H2H2aH2b)] (26)
= 1− 8(1− ν)
3√
det(γBSMV3V3aV3b + I)
+
64(1− ν)6√
det(γBSMV3V3aV3bH2H2aH2b + I)
− 8(1− ν)
3√
det(γBSMH2H2aH2b + I)
, (27)
=: P0 − P1 + P2 − P3 (28)
where γBSMj1...jn is the submatrix obtained by extracting the
rows and columns corresponding to modes j1 . . . jn from
γBSMU . In Eq. (24), we use the POVM elements of the
on-off detector acting in mode j as
Πˆoffj = (1− ν)|0〉〈0|j (29)
and
Πˆonj = Iˆ − Πˆoffj , (30)
where ν is the dark-count probability. In the numerical
simulation, P suc is given by P suc = P (D5H ∩ D6V) +
P (D5V∩D6H). In the experiment, the success probability
of the BSM P suc is equal to P (D5V∩D6H), since we only
employ D5V and D6H. Hereafter, we consider the case
where P suc = P (D5V ∩ D6H) for simplicity. The density
operator of the heralded state (ρˆheraldH1V1H4V4) conditioned
by the successful BSM is given by
ρˆheraldH1V1H4V4 =
1
P suc
Tr\H1V1H4V4
[
ργ
BSM
U (Iˆ − (1− ν)3|0〉〈0|⊗3V3V3aV3b)(Iˆ − (1− ν)3|0〉〈0|⊗3H2H2aH2b)
]
(31)
=
1
P suc
3∑
i=0
(−1)iPiTr\H1V1H4V4 [ρˆγi ] (32)
where
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ρˆγ0 :=
1
P0
ρˆγ
BSM
U , (33)
ρˆγ1 :=
1
P1
TrV3V3aV3b
[
ρˆγ
BSM
U |0〉〈0|⊗3V3V3aV3b
]
, (34)
ρˆγ2 :=
1
P2
TrV3V3aV3bH2H2aH2b
[
ρˆγ
BSM
U |0〉〈0|⊗6V3V3aV3bH2H2aH2b
]
, (35)
ρˆγ3 :=
1
P3
TrH2H2aH2b
[
ρˆγ
BSM
U |0〉〈0|⊗3H2H2aH2b
]
. (36)
Here, we define Tr\H1V1H4V4 by partial trace over all re-
maining modes except for H1, V1, H4 and V4. The co-
variance matrices of ρˆγ1 , ρˆγ1 and ρˆγ3 are given by the
Schur complements [38] of γBSMU as
γ1 := γ
BSM
{V3V3aV3b}{V3V3aV3b} − γBSM{V3V3aV3b}{U\V3V3aV3b}
(
γBSM{U\V3V3aV3b}{U\V3V3aV3b}
+I⊕3
)−1
(γBSM{V3V3aV3b}{U\V3V3aV3b})
T , (37)
γ2 := γ
BSM
{V3V3aV3bH2H2aH2b}{V3V3aV3bH2H2aH2b} − γBSM{V3V3aV3bH2H2aH2b}{U\V3V3aV3bH2H2aH2b}
×
(
γBSM{U\V3V3aV3bH2H2aH2b}{U\V3V3aV3bH2H2aH2b}
+I⊕6
)−1
(γBSM{V3V3aV3bH2H2aH2b}{U\V3V3aV3bH2H2aH2b})
T , (38)
γ3 := γ
BSM
{H2H2aH2b}{H2H2aH2b} − γBSM{H2H2aH2b}{U\H2H2aH2b}
(
γBSM{U\H2H2aH2b}{U\H2H2aH2b}
+I⊕3
)−1
(γBSM{H2H2aH2b}{U\H2H2aH2b})
T . (39)
Here, γBSM{i1...in}{j1...jn} is the submatrix obtained by delet- ing rows corresponding to modes i1 . . . in and columns
corresponding to modes j1 . . . jn from γ
BSM
U . Then, the
characteristic function of the heralded state is given by
χρˆheraldH1V1H4V4
=
1
P suc
3∑
i=0
(−1)iPiexp
(
−1
4
ξT γi,H1V1H4V4ξ
)
, (40)
where γi,H1V1H4V4 is the covariance matrix of
Tr\H1V1H4V4 [ρˆ
γi ]. Before the detection, we perform
the symplectic transformations of the (polarization-
domain) beamsplitters followed by the detection losses
on each of γi,H1V1H4V4 for i ∈ {0, 1, 2, 3} as
γfinali,H1V1H4V4 := Lη1H1L
η2
H4
Lη3V1L
η4
V4
[
(SθAH1V1 ⊕ SθBH4V4)T γi,H1V1H4V4(SθAH1V1 ⊕ SθBH4V4)
]
, (41)
where θA and θB are the measurement angles for Alice
and Bob, respectively. Finally, we calculate the detec-
tion probabilities. For example, the probability of ob-
serving clicks in D1 and D2 and no-clicks in D3 and
D4 under the condition of the above measurement an-
gles (=: P (c1, c2,nc3,nc4|θA, θB)) is given by
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P (c1, c2,nc3,nc4|θA, θB) = 1
P suc
Tr
[
ΠˆonH1(ν)Πˆ
on
H4(ν)Πˆ
off
V1 (ν)Πˆ
off
V4 (ν)
3∑
i=0
(−1)iPiρˆγ
final
i,H1V1H4V4
]
(42)
=
1
P suc
Tr
[
3∑
i=0
(−1)iPiρˆγ
final
i,H1V1H4V4 (Iˆ − (1− ν)|0〉〈0|H1)
×(Iˆ − (1− ν)|0〉〈0|H4)(1− ν)|0〉〈0|V1(1− ν)|0〉〈0|V4
]
(43)
=
1
P suc
3∑
i=0
(−1)iPi
 4(1− ν)2√
det(γfinali,V1V4 + I)
− 8(1− ν)
3√
det(γfinali,H1V1V4 + I)
− 8(1− ν)
3√
det(γfinali,V1H4V4 + I)
+
16(1− ν)4√
det(γfinali,H1V1H4V4 + I)
 , (44)
where γi,j1...jn is the submatrix obtained by extracting
the rows and columns corresponding to modes j1 . . . jn
from γfinali . For calculating S, we adopt the same rule as
what described in the appendix of Ref. [32].
B. The Characteristic Function Of The Fock States
The characteristic function of the four-mode Fock state
is represented by
χ|klmn〉〈k′l′m′n′| = χ|k〉〈k′|χ|l〉〈l′|χ|m〉〈m′|χ|n〉〈n′|. (45)
Here, we only consider up to single-photon state for each
mode i.e. k, k′, l, l′,m,m′, n, n′ ∈ {0, 1}. The charac-
teristic function of the single-mode state |n〉〈m| is given
by the inner product with the displacement operator
Dˆ(α) := exp(αaˆ† − α∗aˆ) as [39]
χ|n〉〈m| = Tr[|n〉〈m|Dˆ(α)] (46)
= 〈m|exp(αaˆ† − α∗aˆ)|n〉 (47)
=

√
n!
m!exp(−|α|2/2)(−α)m−nL(m−n)n (|α|2) (m > n)√
m!
n! exp(−|α|2/2)(α∗)n−mL(n−m)m (|α|2) (n > m),
(48)
where
L
(k)
l (x) :=
l∑
i=0
(−1)i
(
l + k
l − i
)
xi
i!
(49)
is the generalized Laguerre polynomial. We note that,
in the single-mode case, the complex number α in the
displacement operator and the complex numbers ξ1 and
ξ2 in the Weyl operator are connected by
α =
ξ2 − iξ1√
2
. (50)
C. Input State Characterization
We characterize the input quantum states by per-
forming the two-qubit quantum state tomography [40].
Changing the measurement angles, we collect the two-
fold coincidence counts between D1 (D2) and D6H
for characterizing the quantum state generated from
source A (B), respectively, The two-qubit quantum states
generated by the sources A and B are reconstructed by
performing the maximally likelihood estimation [41] us-
ing the probability distributions obtained by the exper-
iment. The reconstructed two-qubit density operators
generated from the sources A (ρˆA) and B (ρˆB) are shown
in Figs. 10 (a) and (b), respectively. The fidelity of ρˆA
to |Ψ+〉〈Ψ+| is calculated to be FA := 〈Ψ+|ρˆA|Ψ+〉 =
15
FIG. 10. The real parts and imaginary parts of ρˆA (a) and
ρˆB (b).
0.884 ± 0.004. Similarly, the fidelity of ρˆB to |Ψ−〉〈Ψ−|
is calculated to be FB := 〈Ψ−|ρˆB |Ψ−〉 = 0.906 ± 0.002.
Theses results indicate that highly entangled states are
prepared as initial states. The error bars are obtained by
assuming a Poissonian distribution for the photon counts.
D. Characterization of Indistinguishability
In order to evaluate the indistinguishability between
the photon 3 and the photon 4 which interfere at the
HBS, we perform the HOM experiment [28–30]. We de-
tect the photons 1 and 2 with V -polarization, and observe
the HOM interference between the H-polarized photons
in modes 3 and 4. We measure the four-fold coincidence
counts among D1,D2,D5V, and D6H with changing the
relative delay by means of a motion stage. The result is
shown in Fig. 11. We clearly see the HOM dip around
the zero-delay point. The visibility is calculated to be
VHOM = 0.74 ± 0.03. The degradation of the visibility
is mainly caused by (i) The mode matching Tmode be-
tween the photons 3 and 4, and (ii) Multiple pair gen-
eration at the sources. To see the degree of the contri-
bution of Tmode, we perform the theoretical calculation
considering the experimental imperfections. When we set
Tmode = 1, the visibility is estimated to be V
th
HOM = 0.91,
which indicates that the remaining degradation is caused
by the mode mismatch. V thHOM = 0.74 is obtained for
Tmode = 0.9. We adopt this value in the numerical sim-
ulations.
FIG. 11. The observed HOM interference between the pho-
ton 3 and the photon 4. The blue dots are the four-fold co-
incidence counts in 60 seconds. The error bars are calculated
by assuming a Poissonian distribution. The red solid curve is
obtained by Gaussian fitting.
FIG. 12. The reconstructed density operators of the two-qubit
component of the heralded state for three different distances:
(i) 0 km, (ii) 24 km and (iii) 50 km.
E. Characterization of The Heralded State
We show the two-qubit density operators of the
heralded states reconstructed by the experimentally-
obtained probability distributions in Fig. 12. (i), (ii)
and (iii) correspond to the two-qubit density operators
of the heralded states when the equivalent-fiber-lengths
are 0 km, 24 km and 50 km, respectively. The fidelities
to |Ψ+〉 are calculated to be (i) F exherald = 0.78 ± 0.05,
(ii) F exherald = 0.75± 0.06, and (iii) F exherald = 0.69± 0.05,
respectively. In theory, the fidelities are estimated to be
F thherald = 0.81 regardless of the distance. We guess the
reason why F exherald is lower than F
th
herald is that additional
spatial mode-mismatch is caused by inserting ND filters.
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